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Presentation plan

< Kernel Trick
< Linear Discriminant Analysis (LDA).

o Generalized Discriminant Analysis (GDA).
< Feature Vector Selection (FVS).

< Sparse GDA using the FVS approach.
< Conclusions.

2 Some references.
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Kernel trick & dot product

m Let@(x)) be an operator which maps
data from an input space X into a
feature space F:

Feature space F

- o o o o © 9o © 9o 9o
Lo ~ X & R 6 6 N kb o
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Kernel trick & dot product
Ex: Polynomial mapping

m As an example assume the following
mapping (2D -> 3D):

/¢x,l \ ( x12 \
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Kernel trick & dot product
Ex: Dot product in F

m Explicit dot product in F:

¢ WY)=0..0, +0..0,,+0..:9,.

m Implicit dot product in F:

2 2 2.2 i 2
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¢ ()Y =k(x3) =G )
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Kernel trick & dot product
Kernel function

m The implicit form of the dot product in
F uses a kernel function k(x,y ).

m k(X,y) does not need the evaluation (or
knowledge) of ¢(x) nor ¢(y) .

m Any algorithm using only dot products
can be expressed implicitly in F.
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Kernel trick & dot product
some classical kernels

m Gaussian: alLLs
k(%,7) = exp[— H’?;_f‘zj

= Sigmoid: (N =)
k(%,7) = tanh(a ¥ 3+ )

= Homogenous polynomial: (NF (j”fvvll))j

d

vEH =) odo{u23.)

11/14-15/02 CNAM Paris Gaston Baudat & Fatiha Ahouar MEI®© 7



Linear Discriminant Analysis
LI M 1]

m LDA versus PCA projection:

Discriminant axis
LDA axis

J\/Lb PCA axis

0 1st PCA axis

(m ximum variance)
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LDA
Classical criterion

m Let's assume N clusters and M samples:
m C : total covariance matrix
m G . covariance matrix of the centers

m U.: /" discriminant axis (i=1,..., N-1)
m LDA maximizes the variance ratio:
Inter-class variance il Ul.TGUl.

: g Ai MHPNEaHnnE
Total variance Ui CUZ.

i
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LDA
Resolution

m The solution is based on an eigen
system:

Al RarT A

m The eigen vectors are linear

combinations of the learning samples:

M

Py atod

—_

Il
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Generalized Discriminant

Analysis (6DA)

m LDA in the feature space F.

m The eigen vectors are linear
combinations of the learning samples:

M
0,=> a@X;)
J= 1
m Consequently any projection becomes:
M
o' G =) ak(i;,7)
BN
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GDA
Covariance matrixes in F

m We assume the data are centered in F.
m Total covariance matrix:

v =$é¢@>qf &th
m Covariance matrix of the N centers:

Y lhgls L I
B:MZ’”WN”; q”zz_zqq/xzk)
=1
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GDA
Resolution

m Let K be the kernel matrix (MxM):
Ll (k()_éi»)_éj ))iZI,...,M
j=l,...M

m The LDA criterion in F becomes:

i - G KWKa,
I el g o

where W is a (MxM) bloc diagonal matrix of
weights 1/n,.
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GDA
Resolution (cont.)
m Let's use an eigen decomposition of K:
K=UTU"
m Then by substitution:
) = BLUB
| BB
m Finally it is just a classical eigen
system: i BI I UTWUBZ.
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GDA
An example

m Fisher's iris data (3 clusters, 4D).

X 01 |
X ® ] GDA
| " K x ﬁ é Gaussian kernel
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GDA
An application

m Seed classification (SNES-France)

3 classes: Medlicago satival., Melilotus sp & Medicago lupulina L

SO g O
-
.‘. .0.. e & Methods Learning Test
& : ... error error
- ‘ a .Q LDA 27.20/0 32.70/0
Medlicago sativa L
~ N GDA* 0% 14.9%
=
- : : o. & Probabilistic 0% 14.4%
o0 ® < AL
<D -
® o = * Gaussian kernel (0=0.5)

Medicago lupulina L
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GDA
Some comments

m k(X,,X,)=X, X, defines the LDA in X.

m The a; coefficients are not unique. One
possible solution is:
a,=ur'B
m Without special care this leads to a
dense expansion for the discriminant
axes. Meaning the all M samples are
involved.
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Feature Vector Selection
I Gz N

® Often the data spans a subspace in F with a
dimension lower than the size M of the learning data.

3D feature space F
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2D data subspace

" Idea: Describe this subspace by L Feature Vectors
(FV) taken among the samples.
They define a basis S in F, with L< M.
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FVS
Algorithm

m The FVS is based on a sequential
forward selection maximizing a fitness
function defined as follows: )

| & @(F) ;
Jg=—> +—8
M i=1 qﬂ(xi)
11 1 < T -1 17
JS _MZKSZ'KSSK& kii

ellplls
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FVS
Empirical kernel map

m After the FVS we can project any
sample using the basis S. This provide
new explicit vectors:

KL bl L L ke (1 (A

m This is known as an empirical kernel
map.
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FVS
Sparse GDA using FVS

m After the FVS and projection we use
the LDA to approximate the GDA.

m Then any projection on a discriminant
axis uses an expansion of only L ferms:

L
=
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FVS-GDA
An example

m 2 clusters (‘o’ & ‘+7). 100 samples to

2
Gaussian kernel
1.5}
c=0.5
1,

o &
-0.5} %ip%
1l
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Ve @

Decision threshold L=40/ GDA

00—

% test rate

learn and 100 others for testing.

L

8

Test rate versus L
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Conclusions

2 The GDA allows reusing the LDA approach for
non-linear cases.

> The projection of samples using a non-linear
discriminant scheme provides a convenient way to
visualize, analyze, and perform other tasks, such
as classification with linear methods.

> Sparse techniques such as FVS overcome the cost
of a dense expansion for the discriminant axes.
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