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Abstract. — The normalized configuration entropy, based on the theory of information, when
applied to the image of heterogeneous media, points out a characteristic length of the disorder,
`opt, at which we calculate the optical properties. The models we propose make a partition of
the image between percolated and non percolated cells of size `opt, in which we calculate effective
dielectric functions. Two models are then developed performing respectively a coherent and a
non coherent treatment in the calculation of the optical properties of the whole medium. The
coherent model gives a good account of the metallic grain resonance and of the infrared behavior
of both reflectance and transmittance of granular gold films, close to the percolation threshold,
domain where the effective medium theories fail.

Résumé. — L’entropie de configuration normalisée, basée sur la théorie de l’information et
appliquée à l’image d’un milieu hétérogène, permet de mettre en évidence une longueur carac-
téristique du désordre, `opt, à laquelle nous calculons les propriétés optiques. Les modèles que
nous proposons effectuent une partition de l’image entre cellules de taille `opt, percolées et non
percolées, dans lesquelles nous calculons une fonction diélectrique effective. Deux modèles ont
ainsi été développés, réalisant respectivement un traitement cohérent et incohérent lors du calcul
des propriétés optiques du milieu global. Le modèle cohérent rend bien compte de la résonance
de grains métalliques et du comportement infrarouge de la réflexion et de la transmission de
films d’or granulaires, aux alentours du seuil de percolation, hors du domaine de validité des
théories de milieu effectif.

Introduction

The morphology of a medium can be analyzed as a quantity of information, as defined by
Shannon [1] and Brillouin [2]. This quantity is a characteristic of the disorder of an image,
related to a given statistical state of configuration, and to an entropy. We have adapted these
information and entropy concepts to the image analysis of random two phase media [3, 4].
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This analysis leads to a length, characteristic of the image, at which we choose to calculate
the optical properties of the material (Sect. 1). In Section 2, we propose two models of the
optical properties, based on the same principle of the image partition [5]. The first model
uses a self consistent calculation, while the second allows a local calculation of the optical
properties. We finally compare the predictions of our models to the predictions of classical
models (Bruggeman, Maxwell Garnett, renormalization) and to optical measurements on gold
granular films prepared by thermal evaporation.

1. Normalized Configuration Entropy

1.1. Definition. — The binary image is composed of black pixels (gray level: 0), considered
as active, and white pixels (gray level: 1). It is analyzed through a sliding window of variable
size `. We define the relative frequency pk(`) of occurrence of a cell of size ` enclosing k black
pixels in the image as:

pk(`) =
Nk(`)

N(`)
(1)

where Nk(`) is the number of cells of size ` containing k black pixels, and N(`) is the total
number of cells of size `. The number of possible configurations is: `2 + 1. The entropy is
defined as the sum over k of all information quantities of each event k weighted with their own
weight pk(`):

H(`) =
`2∑
k=0

pk(`) ln[pk(`)]. (2)

In order to compare the different entropies calculated for various sizes of the cell of analysis,
we need to normalize the entropy, by dividing it by the theoretical maximum entropy (HTh

max).
HTh

max is determined by using the Lagrange Multiplier Method, with the single constraint:

`2∑
k=0

pk(`) = 1.

We obtain HTh
max = ln(`2 + 1), which is the entropy corresponding to the equally probable

distribution (pk = 1/(`2 + 1) for all k values). We thus define the normalized configuration
entropy:

H∗(`) =

`2∑
k=0

pk(`) ln[pk(`)]

ln(`2 + 1)
· (3)

1.2. Application to a Simulated Image. — We applied this calculation to a simulated
image obtained by random trials of disk of 11 pixels in diameter, allowed to penetrate. The
image size is L2 = 512× 512 pixels. The background of the initial image is white, the disks
are black. The black pixel concentration (surface fraction) inside the image is 20% (Fig. 1).
Figure 1 shows the variation of the normalized configuration entropy with the size of the cell
of analysis. The entropy presents a maximum value (H∗max) for a size that we will now call the
optimum length `opt.

The optimum length is the size of observation at which the image presents a maximum
of disorder, at which a maximum of different configurations can be obtained, at which the
probability distribution is the closest to the equally probable distribution.
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Fig. 1. — Normalized entropy of an image simulated by a random trial of penetrating disks (diameter
11 pixels, surface fraction 20%) versus the size of the analysis cell.

1.3. Evolution of Entropic Parameters. — Let us now look at the variations of the
optimum length and of the maximum value of the normalized configuration entropy versus the
concentration in an image obtained by the same process as in Section 1.1. We generated a set
of nine images of random trials of disks of 11 pixels in diameter, allowed to penetrate, with a
black pixel concentration ranging from 10% to 90%. The percolation threshold of this type of
images is experimentally obtained at 60%, with 4 neighbor labelling.

The two entropy parameters (H(`) and `opt) present an extremum (Fig. 2) around the
percolation: the maximum value of the normalized configuration entropy increases with the
concentration until 53%, and then decreases. The optimum length presents a plateau of min-
imum values centered at 60%. This minimum value of `opt is equal to 11 pixels, size of the
structuring element of the image, diameter of the elementary disk. This length is the size of
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Fig. 2. — Variations of the entropic parameters of the images of random penetrating disks with the
black pixel concentration.

the smallest element which, if added, make the medium pass from non percolating state to
percolating state. It is the size at which we decide to calculate the optical properties, because
associated with a maximum of realizable configurations, without any redundancy or lack of
information. Each configuration having its own local optical response, will then affect the
global response of the medium.

2. Optical Models

Our models are based on the model previously proposed by Hilfer [5, 6] for porous media. In
our case, we are interested in accounting for the optical properties of heterogeneous media
generally composed of metallic inclusions of nanometric size, embedded in a dielectric matrix.
In the images of these media, white pixels correspond to the dielectric component (dielectric
function: εD), and black pixels to the metallic component (dielectric function: εM). By contrast
with the effective medium theories which make a partition of the whole image between the two
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components (metal and dielectric), our models:
(1) make a partition of the medium at size `opt, by using a sliding window; giving (L− `+ 1)2

cells;
(2) separate these cells in two classes: percolating and non percolating cells.

The state of percolation of each cell of concentration µ in black pixels is obtained by looking
for a conducting path between two opposite edges of the cell, with 4 neighbor labelling. In both
classes, we calculate the local effective dielectric function with the Maxwell Garnett model [7],
modified by Cohen et al. [8]: a percolating cell is assimilated to an equivalent cell composed of
a dielectric sphere embedded in a metallic matrix, with dielectric concentration (1− µ); a non
percolating cell is assimilated to an equivalent cell composed of a metallic sphere embedded in
a dielectric matrix, with the metal concentration µ. One thus gets a series of effective dielectric
functions εiP and εkNP respectively for a percolating i cell and a non percolating k cell:

εiP = εM
2εM + εD + 2(1− µi)(εD − εM)

2εM + εD − (1− µi)(εD − εM)
(4)

εkNP = εd
2εD + εM + 2µk(εM − εD)

2εD + εM − µk(εM − εD)
· (5)

In order to distinguish between two types of possible electromagnetic propagation in these
heterogeneous media, we then developed two different models on this basis. In the first model,
we make a self consistent calculation of the effective dielectric function εe of the whole image
by using a Bruggeman model [9] generalized to (L− `+ 1)2 components. One writes that the
polarizability of all these components embedded in the effective medium is equal to zero:∑

i

λiP
εiP − εe
εiP + 2εe︸ ︷︷ ︸

Sum on the
percolating blocks

+
∑
k

λkNP

εkNP− εe
εkNP + 2εe︸ ︷︷ ︸

Sum on the non
percolating blocks

= 0. (6)

Where λiP and λkNP are respectively the proportions of percolating and non percolating cells
with concentrations µi and µk. We then calculate the optical properties (the reflectance R and
the transmittance T ) of the medium, by using the Abelès formulae [10].

In the second model, we make a local calculation of the optical properties (Ri, Ti), in each
cell by using the local dielectric function (Eqs. (4) and (5)) and then applying the Abelès
formulae. A simple summation on all cells will simply give the optical properties (R, T ) of the
whole medium:

(R, T ) =
∑
i

(Ri, Ti). (7)

In the first model, the application of the effective medium treatment up to the size of the whole
medium is equivalent to a coherent treatment, with the same value of the phases of all the
local electromagnetic fields. A calculation taking into account the exact phases of the fields
is beyond the scope of this work. In the second model, we explore the effect of an incoherent
treatment directly applied from the size `opt.

3. Application to a Real Material

We show now the application of the new morphological analysis tool, normalized configuration
entropy, and of the two presented optical models, to the real image of a thin discontinuous
gold film.
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Fig. 3. — Image of a thin gold film, metal fraction 30%.

Fig. 4. — Normalized configuration entropy of the thin gold film (image in Fig. 3).
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Fig. 5. — Reflectance (a) and Transmittance (b) of the thin gold film (image in Fig. 3): (—–)
Measurement; (· · ·) Model 1; (- - -) Model 2 (-·-·-·) Renormalization; (–·–) Maxwell Garnett; (– –)
Bruggeman.

The deposition of the film is realized by thermal evaporation under ultra high vacuum. Its
mass thickness is equal to d = 61 Å. The image was binarized, giving a black pixel concentration
p = 32% (Fig. 3). From these values, we deduce the “real” thickness of the film, d/p = 190 Å.

The entropic analysis gives an optimum length equal to 18 pixels, corresponding to 100 nm
on the sample (Fig. 4). We compare the predictions of our models to the predictions of classical
models (Bruggeman, Maxwell Garnett, renormalization [11]) and to optical measurements on
the discontinuous film (Fig. 5).

The image and the experimental optical properties both point out the fact that the film is
below the percolation threshold. The decrease of the reflectance R and the increase of the
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transmittance T with wavelength are indeed characteristic of a dielectric behavior of the whole
medium.

The Maxwell Garnett theory gives a relatively good account of the position and amplitude
of the metallic grain resonance observed around λ = 600 nm, but does not fit correctly the
optical properties in the near infrared.

On the opposite, the Bruggeman model accounts well for the optical properties in the near
infrared, but is unable to reproduce the grain resonance. This result confirms that the Brugge-
man model predicts a too broad and dumped grain resonance.

The renormalization theory gives also satisfactory agreements in the near infrared, but un-
derestimates the grain resonance. It can be due to the fact this model does not use directly
the metal concentration, which is the main parameter determining the position and amplitude
of this resonance.

Our first model accounts well for the properties in the near infrared, and gives the best
prediction for the grain resonance, although its amplitude is weaker and its width is narrower
than the experimental resonance. This result confirms that this model takes better into account
the geometry of the medium, the average concentration and the concentration distribution,
which notably govern the resonance.

Our second model is not so efficient as the first one in the near infrared, but it is somewhat
better for the reflectance near the resonance. Its relative failure as compared to the first model
should come from the non coherent calculation performed from a too small size.

Conclusion

The entropic analysis and its associated models appear as good tools for the modelization of
the optical properties of two phase heterogeneous media. A more systematic application of
these tools to real and simulated media is in progress.
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