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‘ Introduction '

Definition. A density f = f(x1,...,24) on [0,00)% is
block decreasing if, for each j € {1,...,d}, it is a

decreasing function of x;, when all other components

are held fized.

Examples. Burr, Pareto, beta conditional (Arnold,
Castillo and Sarabia, 1999).

The problem.

Rn(Fp) = mf sup E/|fn fl-

fn feFp

References. Birgé (1987) studies the case d = 1 and
shows that lower and upper bounds for the risk are

proportional to (S/n)'/3, where S = log(1 + B).
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Lower bounds '

Theorem. There exist positive constants C1, Cy and
Cs3, functions of d, such that

1 . Sd 1/(d+2)
Rn(Fp) > - )

1 d (
41+ [1+ (Cr8e/m) TN T
for Cy < 5 < (3 nl/d,
Sketch of proof. Let € be a positive real number and

let » > 1 be an integer, both to be determined later. We
partition the unit hypercube I; into 7% cells

d
Ci:H[xij—laxij)a i:(il,...,id),
j=1

where zg = 0 and, for j in {1,...,d},

(1+e% -1
T, = It —1° 1y, =1,...,r
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‘Birgé’s multivariate histogram estimate.

It is defined by

pin (Ci)
n = 1c. .
=2
Theorem. Birgé’s multivariate histogram on I with

C242973(d 1)
2d — 1

= [(Ros) ) R

Y

and
e=¢e""—1

satisfies

Rdgd 1/(d+2) Rdgd 2/(d+2)
sup E/\fn—f|§01< ) +C'2( )

fEFB n n

for all n > C5S%, where C1, Cy and Cs5 are positive

functions of d.
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/ A variable kernel estimate' \

It is defined by

where
K = 1[_1/2,1/2]d and fl(ﬂj) — h(ﬂfl) S h(ﬂjd),

with
€

1
1+§[ (14+¢€)" —1

Theorem. The variable kernel estimate on Iz with

h(u)

B 5 o 1/(d+2) B 3+2973(d —1)
r= [(R nS?) ] . R= N |
and

e=e%" 1

satisfies

Rdgd 1/(d+2) Rdgd 2/(d+2)
sup E/ fn—f] < Cl( ) —I—C2( )
fEFB n n

for all n > C3max (Sd, 5—2)7 where C1, Cy and C3 are

Qositive functions of d. J




/ ‘ Adaptive estimation I \

Fact. The estimate f,, depends upon the unknown

parameter B, and more generally upon the parameter

V(f) = £0) [ s

j=1
with
supp f = [0, s1] x ... x [0, s4].

An automatic selection procedure for selecting the

unknown parameters of a kernel estimate of the type

1 G 1 20 — xU)
f"(”EZth(x)K( h (@) )

i=1 j=1

where

k
hi(e) =" a(j, 0) <x(j)>£, a(j,0) € R.
£=0

» We want to select © in

O =1{0=(a(j,0),1 <j<d,0<L<k}.
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‘ Results '

Theorem. There exist two constants C1 and Co
(functions of d and k only) such that

: /1o
E/‘fn,(%_f‘SClme/|fn,9_f|+C2 o
0eQ n

Corollary. Let F denote the class of all block
decreasing densities on [0,00)%. The following adaptive
result holds:

E/|fn,@_f| O()
1).

sup sup } T =

t>0 {feF:v(f)<t} [(log(t + 1))d/n
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The algorithm I

. Let Q={0=(a(j,?)),1<j<d,0<l<k}.
. Split the sample in two parts

X1, ...y Xpn—m and X, _miy1,...,Xn-
. Consider the Yatracos class defined by

A:{Uﬁmﬁ>ﬁ%myhﬂyéﬂﬁ%9}.

. Select © so as to minimize

/Afn—m,e — m(A4)

© = arg min sup
AcA

Y

where




/ Results 11 .

one has

/‘fn@— \<51nfE/|fn9_f|<1_|_ 2m

5)
cnf ] -]
AcAl|lJA n

/f fm (A ‘}§2\/10g2fn“4(m).

{ sup
Ac A
(Y1,---,Ym ) ERI™

Lemma. Setl=n—m. One has

-

Theorem (Devroye and Lugosi, 2001). For m < n/2,

— 4\/E)

Theorem (Vapnik and Chervonenkis, 1971). We have

Here, S4(m) is the shatter coefficient for A, i.e.,
Sa(m) = max Card{(y1,...,ym) N A, A€ A}.

Sa(m) < o(k+1)7+2+2(k+1)d (d£)2(k—|—1)dXmQ(k_|_1)d_|_(k_|_1)d

™

J
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‘ Sketch of proof. \

T1,...,2¢ — The sample from R¥ used in the
definition of f, .

Yi,...,Ym —  The test sample from R to be
employed.

We begin by defining the vector

1 1 d d
v (x(2 ) k()
o haly;)) )7 ha(y;)

and the m x £ matrix V() of vectors V' (j,1,0).

There exists a partition of 2? of size at most
2
(2(2dm€)(k+1)d>

such that on any set of the partition, (V(6),V(9"))
is fixed.

We are interested in the collection of indicators

(1f£,9(y1)>fz,9/(y1)7 R 1f€,9(ym)>f£,9’(ym)> .

The shatter coeflicient is bounded by

2

W x (2(2dm€)(k+1)d>

_/
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To compute W, we fix all values of \

®_ @ @ ()

Yy, —x; y: — X,
Vi = (K2 )k (M) )
(55:9) < ha(y;) ha(y;)

Thus, {fee(y) > fee(y)} is a set defined by an
inequality of the form

d d
[17:@w) > c]] hs(y).

This is a polynomial inequality with each

monomial being of the form

<y<1>>p1 “ o <y<d>)pd.

» The number of such monomials does not exceed
r=(k+1)%

Considered as a set in R",

[ 7r:@) > c]] hs(w)

is just a homogeneous linear inequality of the form
aiwy + - -+ apw, > 0.

W < (m+ 1)F+D7 /

Therefore
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